1. Let (fi, ß, F) be a probability space and let F be a 1-1 point transformation mapping fi onto fi which is bimeasurable and measure preserving with respect to P. T is ergodic with respect to (fi, ß, F) provided PiA) = 0 or 1 for every A £ a which is invariant with respect to T. It is well known that (i) F is ergodic if and only if
(ii) lim,,..* HntZl PiATiB)/n = PiA)PiB) for every AE&, F£Ct.
That (ii) implies (i) is obvious. It follows as a consequence of the mean ergodic theorem that (i) implies (ii) uniformly in either variable set for each fixed value of the other variable set. (A counterexample can be given to simultaneous uniformity in both variable sets.) In §2 we prove a convergence theorem for set functions using the properties of uniform absolute continuity and a type of asymptotic invariance. In §3 we use this theorem to show that (i) implies
for each choice of N and that if N of the sets A0, • ■ • , AN are fixed then the convergence is uniform in the other set. The above result can be obtained rather easily from the mean ergodic theorem, however, using the mean ergodic theorem the authors have been able to obtain uniformity only in A 0. The method of proof using the theorem of §2 gives uniformity in an arbitrary A i and shows that averaging is used only to guarantee uniform absolute continuity and asymptotic invariance.
We shall need the following result, proved in [l]:
Lemma. Let (fi, Ct, P) be a probability space and let T be ergodic with respect to (fi, ft, P). Let {Qn, « ^ 1} be a sequence of probability measures defined on ñ and satisfying Theorem. Assume (i) (ñ, ß, P) is a probability space and T is ergodic with respect to (a, ce, P).
(ii) I is an index set and for each positive integer », In is a nonempty subset of I. Then it is easily verified that the sequence {P"(^l)} satisfies the hypotheses of the lemma and consequently lim"_M PniA) =P(.4) for every A. In particular for A =AN we obtain lim"_M (^"(^o, ■ ■ • , AN) = Xli^o -P(^4i). Since this is true for every such sequence {kn} the theorem follows.
3. As a consequence of the theorem we obtain at once Corollary 1. Let (fi, a, P) be a probability space and suppose T is ergodic with respect to (fi, ft, F). Let N be a positive integer. Then Furthermore if all of the sets in the sequence with the exception of one are held fixed then the convergence is uniform in the remaining set.
Proof. In the proof we shall assume that Ai, A2, • ■ ■ are held
